Abstract. Let V be a complete discrete valuation ring with residue field k of positive characteristic and with fraction field K of characteristic 0. We clarify the analysis behind the Monsky-Washnitzer completion of a commutative V -algebra using completions of bornological V -algebras. This leads us to a functorial chain complex for a finitely generated commutative algebra over the residue field k that computes its rigid cohomology in the sense of Berthelot.
Introduction
The problem of defining a cohomology theory with good properties for an algebraic variety over a field k of non-zero characteristic has a long history. In the breakthrough paper [9] by Monsky and Washnitzer, such a theory for smooth affine varieties was constructed as follows. Take a complete discrete valuation ring V of mixed characteristic with uniformizer π and residue field k = V πV (for example, V the ring of Witt vectors W (k) if k is perfect). Let K be the fraction field of V . Choose a V -algebra R which is a lift mod π of the coordinate ring of the variety and which is smooth over V (such a lift exists by [5] ). Monsky-Washnitzer then introduce the 'weak' or daggercompletion R † of R and define their cohomology as the de Rham cohomology of R † ⊗ V K. The construction of a weak completion has become a basis for the definition of cohomology theories in this context ever since. The MonskyWashnitzer theory has been generalized by Berthelot [1] to "rigid cohomology," which is a satisfactory cohomology theory for general varieties over k. Its definition uses certain de Rham complexes on rigid analytic spaces.
The definition of the Monsky-Washnitzer cohomology as well as Berthelot's definition of rigid cohomology depend on choices. The chain complexes that compute them are not functorial for algebra homomorphisms. Only their homology is functorial. Functorial complexes that compute rigid cohomology have been constructed by Besser [3] . However, the construction is based on some abstract existence statements, and is not at all explicit.
In [4] we had developed a general framework for bornological structures on V -algebras which allows in particular to generalize the weak completions of Monsky-Washnitzer to bornological versions of J-adic completions for an ideal J in a V -algebra. We had used this to study cyclic homology for such completions and to relate rigid cohomology to cyclic homology in this setting. As one major result we also had constructed a natural and explicit chain complex computing rigid cohomology for affine varieties over k. However [4] contained much more material than was needed to this latter end and the route to the construction of this complex was not the most direct possible. In the last section of [4] we had sketched a more direct approach. It is the aim of the present article to make this sketch explicit. At the same time we show that some of the basic arguments in [4] can be simplified significantly if one restricts the technical analysis to what is needed for that purpose. We obtain a conceptually simple construction of the natural complex computing rigid cohomology which is very much in the spirit of Grothendieck's infinitesimal cohomology for non-smooth varieties.
We proceed as follows. For a commutative V -algebra R we write R for R ⊗ K. We consider a presentation J → P ↠ R by a free commutative V -algebra P . For the m-th powers of the kernel J, we obtain a projective system (P J m ) of bornological J m -adic completions. Since the maps in this system are not surjective, the natural description of the de Rham cohomology of this proalgebra is not via the de Rham complex of the projective limit but rather via the homotopy projective limit of the de Rham complexes (which is given as an explicit chain complex). As a consequence of homotopy invariance, this homotopy limit does not depend on the choice of a free presentation P up to quasi-isomorphism. A functorial choice is P = V [A]. One advantage of our approach is the fact that the formalism using bornological J-adic completions works fine also for algebras that are not Noetherian, such as V [A].
For the special choice of free presentation given by V [A], the homotopy limit of de Rham complexes mentioned above is completely explicit and manifestly functorial in A. Using results by Große-Klönne in [8] we show that it reproduces Berthelot's rigid cohomology.
. Let k = V πV be the residue field. We will always assume that K has characteristic 0. Every element of K is written uniquely as x = uπ ν(x) , where u ∈ V ∖ πV and ν(x) ∈ Z ∪ {−∞} is the valuation of x. We fix 0 < ǫ < 1, and define the absolute value ∶ K → R ≥0 by x = ǫ ν(x) for x ≠ 0 and 0 = 0. Even though much of the foundational discussion works in greater generality, we will always assume that all algebras are commutative. • every finite subset is in B;
• subsets and finite unions of sets in B are in B;
• if S ∈ B, then the V -submodule generated by S also belongs to B.
A bornological V -module is a V -module equipped with a bornology. A V -linear map between bornological modules is said to be bounded if it maps bounded sets to bounded sets. A bornological K-vector space is a bornological V -module such that multiplication by π is an invertible map with bounded inverse. A bornological module equipped with an algebra structure is a bornological algebra, if the product of any two sets in B is again in B (i.e. if multiplication is bounded). Definition 2.2. Let X be a bornological V -module. Let (x n ) n∈N be a sequence in X and let x ∈ X. If S ⊆ X is bounded, then (x n ) n∈N S-converges to x if there is a sequence (δ n ) n∈N in V with lim δ n = 0 in the π-adic topology and x n − x ∈ δ n ⋅ S for all n ∈ N. A sequence in X converges if it S-converges for some bounded subset S of X. If S is bounded, then (x n ) n∈N is S-Cauchy if there is a sequence (δ n ) n∈N in V with lim δ n = 0 and x n − x m ∈ δ l ⋅ S for all n, m, l ∈ N with n, m ≥ l. A sequence in X is Cauchy if it is S-Cauchy for some bounded S ⊆ X. The bornological V -module X is separated if limits of convergent sequences are unique. It is complete if it is separated and for every bounded S ⊆ X there is a bounded S ′ ⊆ X so that all S-Cauchy sequences are S ′ -convergent. Definition 2.3. The completion of a bornological V -module X is a complete bornological V -module X with a bounded map X → X that is universal in the sense that any map from X to a complete bornological V -module factors uniquely through it.
Completions of bornological V -modules always exist and may be constructed as follows. Write X = lim → (X i ) i∈I as the inductive limit of the directed set of its bounded V -submodules. Then X is the separated quotient of the bornological inductive limit lim → ( X i ) i∈I of the π-adic completions X i . Note that a bornological V -module M is separated iff each of its bounded submodules is π-adically separated.
Any bornological quotient map is surjective.
Lemma 2.4. Taking completions preserves bornological quotient maps.
Proof. Completions are obtained from the π-adic completions of the bounded V -submodules. This reduces the assertion to the fact that π-adic completions preserve surjections.
Bornological algebras and J -adic completions
Recall that all our algebras are commutative.
Definition 3.1. Let R be a V -algebra and J an ideal in R. We define the J-adic bornology on R as the bornology generated by subsets S of the form
where C ∈ K, λ n ∈ K, M is a finitely generated V -submodule of J and there is α < 1 such that λ n ≤ π −αn for all n. We denote by R J the bornological completion of R with respect to this bornology.
Remark 3.2. Since the modules described in (1) are contained in each other, the bornology generated by them consists of subsets of sums S +M of a module S as in (1) and of a finitely generated V -module M. In Definition 3.1 we obtain the same bornology if we assume that the λ n are of the form λ n = π β(n)−n for an increasing function β ∶ N → N satisfying lim n (β(n) n) = γ for some γ > 0 and such that β(i + j) ≥ β(i) + β(j) (one may take for β(n) the largest integer ⌊γn⌋ less or equal to γn). For such a choice of λ n we have λ i+j ≤ λ i λ j .
Since the product of two sets as in (1) is contained in one of the same form, multiplication on R is bounded for the J-adic bornology and R J is a complete bornological algebra.
Let R be a finitely generated, commutative V -algebra. Monsky-Washnitzer [9] define the weak completion R † of R as the subset of the π-adic completion
with w j ∈ M κ j , where M is a finitely generated V -submodule of R containing 1 and κ j ≤ c(j + 1) for some constant c > 0 depending on z.
If J = πR, then the J-adic bornology and the corresponding completion R J also make sense on R, rather than on R, if we allow only C = 1 in the definition of the basic bounded set S in 3.1. In fact, then necessarily Proof. The I-adic and the I m -adic bornologies are generated, respectively, by sets S and S ′ of the form
where M and M ′ are finitely generated V -submodules in R containing 1 and where we may assume that γn ≤ β(n) ≤ γn + 1 and
It is clear that any set of the form S ′ is contained in one of the form S with M = M ′ .
Conversely, for each ℓ ∈ N, a set of the form S can be decomposed as a finite
For n ≥ 2 and sufficiently large ℓ, this is ≥ γ ′ + (m − 1). For such ℓ, we have
Proposition 3.4. Assume that R is finitely generated and let
Proof. Since completion commutes with ⊗ K, it suffices to prove the first isomorphism. We do this first for the case of a free algebra. Thus let P = V [x 1 , . . . , x n ] and I ′ = πP . The I ′ -adic bornology on P is generated by Vsubmodules of the form
where M is a finitely generated V -submodule of P . Since any such M is contained in a power of the standard V -submodule L generated by 1,
consists of all power series of the form ∑ α λ α x α with πλ α ≤ π α j and λα π α j → 0 for α → ∞. In particular, this completion is contained in P . Now, the bornological I ′ -adic completion of P is the separated direct limit, with respect to j, of the π-adic completions M (π) j . Since the M (π) j are isomorphic to subsets ofP which are contained in each other, this is just the union and gives exactly the set of elements z described in equation (2) . Now assume that R = P J for an ideal J in P . Then it is already shown in [9] that P † JP † ≅ R † . The proof is as follows: The ring P † is Noetherian by [6] , and convergence of the geometric series implies that the ideal πP † is contained in the Jacobson radical. Then, using Krull's intersection theorem, the finitely generated P † -module P † JP † is π-adically separated. Since it is also a quotient of a weakly complete algebra, it is then isomorphic to its weak completion. Thus the natural map P J → P † JR † extends to a map (P J) † → P † JP † , which is inverse to the natural map in the converse direction.
Finally, note that, for any finitely generated submodule M of R, the π-adic completion M (π) is mapped to the set of elements described in (2) , under the natural map R I →R, and all such elements z are in the union of such images. Thus R I is mapped onto R † . Now we get maps
The first map annihilates JP † . We thus get a factorization
Here, the composition of the first and second arrow is surjective by Lemma 2.4 and the composition of the second and third arrow is an isomorphism by the above. Therefore the last arrow must be an isomorphism.
Remark 3.5. It is immediate from the definitions that the natural map R I →R maps R I onto R † . The detour via the free presentation P of R in the proof above was needed only in order to obtain injectivity. Definition 3.6. Let J be an ideal in R and assume that R is flat as a V -module.
The tube algebra of R around J is
where the 0-th summand is J 0 ∶= R. This is a V -algebra.
Theorem 3.7. Let J ⊲ R be an ideal with π ∈ J. There is an isomorphism
for each m ∈ N.
Proof. In view of Proposition 3.4 we have to show that the two bornologies on the algebra T(R, J m ) = R defining the I-adic, for I = πT(R, J m ), and the J m -adic bornological completions are the same.
The first bornology is generated by sets of the form
with C ∈ K, β as in Remark 3.2, N ∈ N, M 0 a finitely generated submodule of R and M a finitely generated submodule of J m . The second bornology is generated by modules of the form
with C ∈ K, β as in 3. Conversely, consider a set S as in (4). We have
Thus S is contained in the product of the two submodules
Thus it is bounded in the J m -adic bornology.
It remains to show that ∑ j≥1 π β(j) M j 0 is bounded in the J m -adic bornology. We have
Therefore, the sum is bounded in the J 0 -adic bornology for J 0 = πR. By 
Here ⊗ stands for the completed tensor product, i.e., the completion of the algebraic tensor product with respect to the bornology generated by tensor products of bounded sets.
Lemma 4.4. The kernel of the chain map from
, d to K is contractible through a bounded chain homotopy.
Proof. We have Ω
= 0 for j ≥ 2. Recall that K has characteristic 0. The absolute integration map i∶ ∑ a n x n ↦ ∑ an n+1 x n+1 is a bounded linear map on
† is homotopy equivalent to K concentrated in degree 0. 
Proof. The de Rham complex for S
).
The assertion then follows from Lemma 4.4.
Homotopy limit.
Let A be a commutative k-algebra. We may view A as a V -algebra with π⋅A = 0. Let S ⊆ A be a set of generators for A.
be the free commutative algebra on the set S. The inclusion map S → A defines a unital homomorphism p∶ P S → A because A is commutative. This is surjective because S generates A by assumption. Let J ∶= ker p; this contains π because π ⋅ A = 0. We shall be interested in the completions P S J m , which are complete bornological V -algebras, and in the chain complexes
) that compute their de Rham cohomology. For the special choice of S = A we denote these complexes by cdR [m] (A) and their homology by hdR Since J m+1 ⊆ J m , the identity map from P S equipped with the J m+1 -adic bornology to P S equipped with the J m -adic bornology is bounded. It induces a map P S J m+1 → P S J m , as well as a map between the associated de Rham complexes. Now, the natural definition for the homology of a pro-algebra, given by a projective system (R m ) of algebras R m , is the homology of the homotopy limit of the complexes computing the homology of the R m .
Here, we have a projective system of complexes defined by the maps
We write cdR rig (A) for the homotopy limit of {cdR [m] (A)} . Thus, by definition, cdR rig (A) is the mapping cone of the bounded chain map
shifted by −1. Hence there is an exact triangle
(A) . Taking cohomology in (7) we obtain a short exact sequence 
Rigid cohomology
Let A be a finitely generated, commutative k-algebra. We are going to identify hdR rig (A) with Berthelot's rigid cohomology of A, as our notation already suggests. Berthelot defines rigid cohomology more generally for separated k-schemes of finite type in [2] using the theory of rigid analytic spaces. His construction can be simplified a little bit, if one uses Große-Klönne's theory of dagger spaces [7] instead. In the following, we describe this simplified construction very roughly. We refer to [4, §6] for further details.
For each n ∈ N, we consider the K-algebra
Using the description of the dagger completion in Proposition 3.4, this is a bornological algebra. A dagger K-algebra is a quotient of some W n by an ideal. Let again R be a finitely generated V -algebra. As mentioned before, R † is a dagger K-algebra, and we can consider the dagger space Sp(R † ). On the other hand, we also have the reduction R πR and its prime spectrum Spec(R πR).
There exists a so called specialisation map
It turns out that, for any closed subset Z ⊂ Spec(R πR), the preimage ]Z[∶= sp
is an admissible open subset, hence a dagger space. It is called the tube of Z in Sp(R † ). It is described more explicitly in [4, Rem. 6.2].
We now consider a finitely generated k-algebra A. The rigid cohomology of A is constructed as follows. We choose a smooth V -algebra R together with a surjection p∶ R → A. Since p factors over R πR, it realizes Spec(A) as a closed subset of Spec(R πR). We thus have its tube ] Spec(A)[ in Sp(R † ). 
By [8, Proposition 3.6] , the rigid cohomology groups defined here are canonically isomorphic to the groups defined by Berthelot in [2, (1.3.1)]. Up to isomorphism, they do not depend on the choice of p∶ R → A.
We need a way to compute the rigid cohomology of A. In general, the tube ] Spec(A)[ is not affinoid. However, using the tube algebras of Definition 3.6, we can construct an explicit admissible covering by affinoid subsets as follows. Choose a surjection p∶ R → A with a smooth V -algebra R as before and denote by J the kernel of p. Since R is Noetherian, J m is a finitely generated ideal for any m ∈ N. This implies that the tube algebra T(R, J m ) is finitely generated as a V -algebra. Hence T(R, J m ) † is a dagger K-algebra. 
